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introduction 
tei $6 @ fesult cf growing isterest in aleroweve el <otmenguetioc 
Fadlatich, COkSiceroble reaeerch cas bev directed tuwnard the shaping 
of tse secondary fadiation paticrna. Giuse tie secoidary, oF distant 
fieid, patiers depends exer the red.ating source, tie protlet is te 
ecrrectiy detursice thie scores. FExperisentsl selection of the source 
required for 5 desired secondary paliorn .& exyessive im betes time 
and sonsy, anc these Gitileuities Save led to tbe quest for su akelytic 
solution, 
ded The gatiesutioss ralationebie of the secoucery patiorn te 
its seurce bas long teon ance, But the Pelationebip is an iutegral 
eyuction*®® ig which tia source function apgesrs in tue lotegracd, 
Severa. sitenj;ts te gclve tiie integral squaticn Haws regulted in 
partial success. The late Goomaniur Deve Jobuston, dr., U.S. savy, 
prepares sh exeullient survey of tus proGiem anc at approach We ites 
solution (3) whies forw«d tee Lniticl stieuwlue for thiu payer. 
B.C Spencer (¥,10), P.M. Woodward and J.B. Lawson (11), and &.3iiver(s)} 
heve aise investigated tie atniytic proBiemy bul thay seve used 
appresacbes wulen extend tae limite of tas eporpture to infinity, sometiing 


whieh chino i glesye be done, 


* Silver, Microwave subense Theory and Design, (@), pp 194. 


2 


BGj\2 Ga*(zT(2) CBD dz. 


(in tele paper, foctaetes will be ladieoted by sateriess. Sumbers 
is parentaeses Lodi cate rafercnees Lieted in the bibliog ragay. 
Vectors will be indicated by « borigontic] Line over « letter.) 
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LS For tie purposes of tals geper, the radiation acurce is 
defined te condlst of & Gircularly ayemetric distribution of elec 
tric and magnetic field westers ever » figite circeler aperture. 

TSie source cur be readily correlated to tae poy sical electromagnetic 
Padieticn source obteined from s parsboloid reflector with ths antenna 
feed at tue focus of tac reficeter (Fig. la). ‘The sores cau tucn be 
COKS Gered as tie distribution of electric and Ragreh. oc vecters in the 
plabe custelbing tue rig of tue puyeieni reflvetor (4B in Fig. le) wits 
tse aperture defined by the reflivctor rim. Since gaat clroweriy 
Syeaotric sources are to be corsidered, the amplitude ¢i stri butieus of 
Slrctric shd xuguetle veeters depend only on the distesce from tre axis 
Of tne reflector, The distent fie 4 patierns orx anys of the electric 
and waguetic field vector divtributics in dieteut tyuee. If empl itudes 
of these veciors were to be seegured in « pleme 16 distant apace sores 
te tie extended axie of tae refleeter, a distant fied patters would 
be obinined (Fig. 1b). Aad aiuee the distent field patterc L¢ elreulam 
iy sywmetriec for « circulerly symmetric soures Gistritwtion, thie dis. 
tent fieid patiorm say be compl vtely 6apreeved as 4 fanctics of one 
Vefisblie, the distance from the reflector axis (Pig. 1b). 

ind 4B eho. ytic solution cf tha saniitude distribution of elec 
tric and magnetic fleid veetors over » fizite aperture aucesiory to 
precduce a given secoadary radistion potters is presected in tris paper 
THis solution, rigorous ond Fequiring uo assumptions regarding eperture 
Ligits, is then developed inte tee wetnods for preciical determination 
of the aperture iliemination reju.red for a given distant field pettern, 
Tae culy restriction placed on either seticd ia that the dipteut fisld 
patters cougidered auct be of such mature that it Ray be get up by 


Circélerly syxestric, plane polarised weaves over tae ap <rturs, 
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4.8 Cmspter Ii gonteing « derivation of tae integral equation 
Felating tae sqawinine distribution ang the distant fiwld pattern, 
Talis equstica of ralationsnl; La the foundst.om of the Later matnoca, 
i-6 Gaapter Lil presezts « wcthod for aclution of tie aperture 
Gistricuticn for une whet tac distant Meld oaiterm ont be explicithy 
@MVFSssed as & swimetien of ¥ fusct.cns.* 

1.7 Ghecter IV presants « wethod for solution which utiliser 
tae developments of Chapter III bat which dess mot require teat the 
Gicstsext field pettern tbe explicitly expressed in V fuceticus. The 
geetnod is based on tus use of & sathematios: device sho gugpeste a 
sew type of trausfors reiatliconshig betwoen the aperture iliuedaction 


pattern end tae distant field patiern, 


a) Conclusions «hd suemary of methods are presented in 
Gaepter ¥. 
i3 bppendix I ccatains « list of symbois used is the paper. 


Taese are also explained in footmtws taroughout the paper wiers ibe 
author conpidered sucn oxplatntion expedient. Appendix Il presents 
definitions cf the watieration, functions used Ap the developmarte 
abd @ collection of data on tiese functions cbteined im tue course 
of tie investigation, HEuseples of the use of tie notiod proposed in 
Guapter [il are giver it appendix III, «ud exsmplee of the netiod of 
Caapter IV aggecr in Appemdiz IV. Appendix V centsinge tables and 
curves. Appendix VI conteins two important later developments in the 


treo Tye 


*# Vico = An) , (appendix 11). 
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Chapter If 


Derivation cf Distent Field fqurticn 
Zed Por a complete understencing of the relationship between 
the sporture distribution and the divtant field radiction pattern, 
it is first necessary te establish the correleting equation, The 
development here presented is teat of J. 4. Stratton end Dr. L.d. Chue 
eud of 5.4.Sehelaunoff*#, Such of the derivation and applicetion 
wee discussed wy the late Commander Dave Johbneton, U.5.5., im bis 
6ssay (5) oubsitted to the Johus Hopkins University in 1949. This 
method consisig ef direct lutegration of Muxvell's field equations 
by the use of the vecter anelogue cf Green's theorem and the transform 
ation of the result to asnelytic fora, 


202 The vector analogue of Green's tneoren is 


SQUVP-PUV Day = ((F>Q-QTxF)- da, gaan 
s 
where P end Q are vector functions of position continuous end with 


continucus first «a: second derivatives throughout V end on & Vis 


© Electromagnetic Thecry (1), secticns 4-lé, 6-14, 6-15, 


ee Electromagnetic Waves (2), Chapter IZ. 


eee =€6Ureen's theores in the form of (2.01) 1s obteined by appiying the 
Givergence tieorem to the vector PxlVx«Q): 


(8) (fp(Bx(7xQyY av = [[{F x (ox@)}-¥i] da. 
Expanding the volume integrand of (a), we hove 
(2) (1 (GxQ)-VxP} - [F.F«(7x OI dv a} [CPx(oxQ)} “A da. 
Vv 


Interciicamging the roles of P and J end eubtracting the resul tant 
equation from (b), we obtein (2.01). 
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a Closed region of spuce bounded by « regular suriace 8, 


2.8 Maxwell's flelé equaticaus say be written iu tie fomm:+ 
VxE — iapH =o. 2.9 
VxH+iweE = J, 2208 
V:H = a sae Roa 
V-E = te 2.25 


Let us essume tuat tise is contained in the electric «and eeghetic 
field vectors, E and B, only as e factor Me end that at every 
point in space tke field vectors are subject to these equations, 
The equctions of conmtisuity, obteined by taking the divergence of 


(2.52) amd (2.05), relete the reel and fictitious®* currents and 


charges. 
V- ai = lwp = O 9 SeS Os 
V-3*- iwp™ = O. 2.07 


* Syubele used in the development (slso listed in appemdia I): 


veetor intensity of tae ciectric fisaid 
wector istencity of tie wagnetic fleid’ 
electric current density 

electric cherge density 

fictitious magnetic current densi ty** 
fictitious magnetic charge deneity** 
perteability of space 

persittivity of eace 

anguler velocity 

phase coustent 


* 


KE OED Bid Sim l te 


oe §® and p* eve fictitious qicetities paving no known physical 
existence. In the development here presented, ervitrary diatontixul ties 
in EB end H will be asmumed, Actually e phycical impossibility, these 
disconti:mities would be generated by physically existent wrfece 
Gistributions of segnetic current smi charge, 
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224 Tne vector E satisfies 


Vx(GxE) — KE = iopd -Fx eT*, 2,08 
Equation (2.06) is obteined by taking tue curl ef (2.02), 

Wx (YE) —iwp(¥x A) = -¥xT*, 2.09 
and substituting from (2.03), 

Vx(VxE) - iwp (J-iweE ) = Veo £40 
Bow (2.10) may be eritien 

Vx (UXE) —iop Jd — we pE = Yaw. 2.11 
which is tne same as (2.06) since k* = ep, 
2.5 The vector EB satisfies 

oe — Ja 5 = Dm ae 23 %% 

Vx(VxH)—-K WH = ioed”*™ + Vxo, Hebe 


shies is obtained by taking the curl of (2.08) and substituting 
from (2.02) in the manner of parsgreph (2.4). 

2.6 In (2.01) we let P= E ana = a vhere a ig a unit 
vector in et arbitrary direction and $= a *, The digtsnce r, 
measured irom tne clement at (1,¥,2) two il point of observation et 


(X',Y',Z*) way be written (Figure §) 
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r= Visex* (rent (zen. 215 
mt 6g 
Sinee Qe , 2.14 
Yr 
— . | a f 
V@ = - @ Cik+ ree : E33 
— i a 2 
ad V-VP =-kO , «16 
ik 
* Stratton (1) uses @ § for the positive treveling wave. 


Schelsunoff (2), «as de sost eminesrs, uses e ““ . The latter is 
used im this work, 
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= VG(G-4)-a(9-1G)+ (AV) VG - (VG.-V)a 


(2.6), #6 obtain 


({Ga-[RE + op T-VxI*]-£ [akG+7E-76)] } dv 
Vv 
= ({[E« 09 xa]-[GaxVxE ]} 7 da. 
S 
low let us consider the volume integrsl ef (2.21), 
\{§a LeE+ ipT-9xT*]-F-BG+V(z-VG)]} dv, 
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integral of (2.21) may be 


I -fLiapTG -Vx I *G dv -(V-G-VE)E dv + [ @VGXV-E) dv. 
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by appigitg the divergeice tacorem te the vector ( @ -Vb )E in the 
sucokd iniegral above and mubstituting from (2.05) in the tei rd 


ihtegrei, we obtain 
& S[rcopIG-WxI"G] sv - ([SIHEAlda+ [2 (SVG yav. 
Y S V 
iOw i6t us cohelder the vecter integration formula 
{[F<a7*ley = (LixT*6lda, 
Vv S 
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Vv S 
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Combining (2.22) amd (2.23), remembering thet © is an arbitrary unit 


veclor, ve cbtein; 

SLinpTe-(F%VS) + 2 VE] dy 
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r= 9. To exclude tais point, ciroumscribe « sphere cf radius r, 
whose surface is 5S. , about tals poiat (X',¥*,2°). The sormal & 

is directed out of V and mence radially toward (2',¥',2Z'). FF, is 

s unit vector directed from the source toward (X',¥*,2Z"). uenes 

Oh the apaere, H=-F. low the volume V ie sounded internally by 
the surface o. abd externally by 5. Therefore, the curface integral 


of (%.24) wust be considered over G+ 8.: 
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Let z and ( BX ) dexote the sean values of vacters E end ( Bx ) 
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over S,. The surface integrais over S. tien have the velue 


i 
» -ikr, ~ikr =) 
4m (E{€ ake. ‘fr icop © {Ax A). 
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Te tae iimit aa ro QO, this velue reduces to 47E (X',Y',Z2*). Henee 


(2.25) any be written 
6 ae) ae ‘i [ico TG-(I"VB) + SVS dv 
~£, S[iap xR) + Gre) VE+ERVE]da, 


expressing the electric field vector at sny interior point of Y. 


interchanging vectors leads to « corresponding expressicn fer at 
Hy 2) = + [eG + (I xb) + VG Iv 
ea ATy Du: 
<2 Slime a xE)B- (ix H) VG - (F-A)VG Ida. 8 
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2.9 If ail currents end charges can be enclosed within a 
spkxere of finite redius, the fieid ie reguiar et infinity snd 

either side of S may be chosen as ite *laterior", 

2.10 Suppose that the charge and current distributions in (2, 29) 
are confined to « thin Layer on tne surface of SB ss the depth of 
this layer diainishes, tie censities may be incrensed, Ani in the 


Limit, tae volume densities are replaced by surface dencitics, If 


ee A 
* V¢ = =V¥G » waere the prime above the gradient opersior 
Genotes difierestiation with: respect to tae variatles at the poin 
of observation (i',¥',Z*). (1), Section 5.6, pp 168. 
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the region V contains mo charge or current within ite interior 


or on 6, the fleid at om interior point tecones 
E(x-y'z') =- te [Digs (oA) S + (Ax Ex VS + E-9)7G Ida. 222 
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tow let the source distribution of electromagnetic energy exist 
over «z aperture defined as « finite circular eres of rediug "5" 

in apace. Tue aperture is enielded in the direction ef the hagative 
torasi by a perfect ebscorbent screw of radius x" tarouge wil cn 

the ¢lectrosegnetic energy cannot pass. Consider the geometric 
center of the aperture as tue origin of s spheries] coordin: te 
system, Tie yolnt of observation (X',¥',Z") taen becomes (K,9,o). 
(Figure 5) ince only circularly aywnetric aperture distributions 
axe now being considered, any distribution on the aperture 18 a# 
function of ouly one varisble,S, and of the constant eperture redius, 
The fixed observation polst's electric field vector, B(x aX, 3"), 


may be expressed as B (KO). Squetion (2.29) may now be written: 


E(Re)=-L {[iop (A xH)B+ (ax EZ) x06 + (F) VG | da. or) 
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2.14 Since equation (2.90) holds only if E ond EB ere continous 
am Gave contimous firat derivatives at cli points of 5, it canst 
be Girectly applied to the problem of radiation from an sparture, 

To citein tae required extensions, let us consider the surface 5, 
Closed «t lufisity, to be divided into twe sones, S, ana 3, by a 
Closed contcur € on S as in Figure 2, pege 12. EK and H are 
contisuous, have contimous first derivatives, snd eetiefy (4.92) 

to (2.05) over both 8, end S,. But the components of E and @ whieh 
are tungestial t© tae surface are cabject W a discontinuous change 
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equctions by the furtuer sssusption of « line distribetion of 
charges or currents about C, Tuis line distribution contributes 
to tHe figid end allows the recultest E end A vectors to enti ety 
tae field equations, 

2.12 Eottlar (4) proposed a method of determining « suitable 


ewontour distribution. An abrupt ciamge in the surface cerrent 


Figure 2 


density ic ilmpiied by me ciscontiuuity tae tengential coupotente 
of BE and B suffer on orossing C. The terainstion of « line of 
current, in tars, cen be cccounted for sccording to the equation 
of continuity by «i accusulation of charge on GC Let ds be an 
@iasent of iemgth along € in the positive direction es determined 
wy the positive b in Pigure 2, R, is o unit vecter in the surfx«ce, 
mores] to ds and o, and directed into sone 1. ‘The line dencities 
of electric sud asgnetic charges will be designated by O and ag 
Then the equations of continuity, (2.06) end (2.07), as epplied to 


sirlace currents, becouse: 
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gnsre k= electric current surface density, 
BMS wegnetic current surface density, 
E= «exh, a= OXE. 


Expressing (2.81) snd (2.52) in tems of E and i, A, 
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lwo (nx F,-n x E>) -&,) (n.xn), 2.84 


bow tne electric field vector at « fixed pcint resulting from « 


surfece charge distributicn is 


E(X,¥, 2) = ane 3 {p (K%,2) VE da. 2.28 


If & is woneldered ss $, - S39 shore c, is a wncentric circle 


Lugide C, and S, is allowed to approxch 5, im the limit 
p (%,%, 2) becomes o~(3,¥,2), da Secomes de, end the Lategral 
becomes completely defined by « couteur integral. Thies quuteur 


sitegral describes thew contribution of the charge scoumul stica on 


C to tie electric field vector at tue fixed observetivon points 
ae EN Le Ob iG 
E(X\Y, 2) = E(rRe Bae § o(ag) Ve ds. ,. 96 


From (2.33), O&O = CH. - A)» Gy x n) 

iG 
Ag shown in Figure 2, (8,48 )= b( ds), shere bic « coustent 
such that b ( ds ) ia « unit vector, Over the surfsce oe thie vectors 


z= i= 0. Therefore, (Oe b ( H.° ae 
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Feey--b 1 GUG (H-ds), Suk. 
iwe +r Cc 

woien is the vector field occasioned by tee discontimiity at C. 

Let &, represent ab opaque secre n over which i= i= O, tier 

fron (2.30) and (2.27) may be written the equeiicn for tue field 


resulting from the radisting surfece 5, (restricting O< AST, 


=< oO r as shown in Figure 3). 
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ECR) = -2— 2 $ V6 (A, -ds) 


25 56 
“2 ( Liop Cx H,) & + (HxE,)xVh + (E.-n) 06 |da, 
s 
Similarly for the magnetic field vector distribution, we wri tes 
A(r6) = 2 + $08 (E-d) 
iwpr 4m 6 Pa) 

+p Sine (xE)B- Gx A) —(F-F, 7B [sa | 
#18 Tne further development of equations (2.38) end (2.59) 
will for tae present be confined Ww circulerly asymmetric, piene 
poleri zed E end A distritutions, Since only 5, ena i, exist, 
they wiil be written ae E and H. Let 

B= IG a)i. bei 

R= M(Aa)j >» = 


eid tae aperture is in the (1,¥,0) plene s n=k. (Figure 8)* 


* For electrically poiarized pishe waves, the E and KR vectors 
have directicns independent of tine and ere defined by; 
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fae coefiiciente is tre stove expressions kave the following 
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A Betwod for Determination cf Aperture Distritetion 
s.1 Chzpter If dealt wits tie development of tue lategral 
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and tie eserture distrivuticns I(2) sad M(z), restricted te 
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only equetion (2.54) will be considered. 
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Caapter IV 
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be used to scive for the sperture distribution. Paragraph (4,9) 
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expression for velues of x from ona to © , Pefining B(z)= 0 for 
values of x)» ana siould introduce little error into the reeults 
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the iscreese offx. Hesse, if Hx) ean be expressed as » function of 
(x’) ekiech is tie same ae the distant field pattern, or « cicse 
approximation to it, for values of x from 5 te “ne and defined 
equal to 0 for velues of x» a » the use of this E(x) in (4.28) 
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Conclusions 
G1 The development in Chester Il ef the integrel equation 


relating the circularly eyrmuetric ecserture distribution «nd tue 
distant field radistion pasttern (2.34) end the mlution of this 
@géetion it Gaepter IIE seve ied te the following lapertant conelu- 
gion, Since ell clrejlarly syesetric sperture distyibuticns way be 
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gotusily, the explicit expression of «x arbitrery B(x) es indicated 
Bee tot bees possible in sil cases. It ta not even certaiz thet such 
ak expreszicn ize possible fer an orbitrery E(x), siuce only B(x) 
wilcs are set up by cirewlarly esyewetric aperture distributions are 
known to satisfy equation (5.22). 
a 2 The method presented io Chacter Lil, waleh csc be used 
only wien E(x) ie explicitly expressed as iu (3.22), le very sieple. 
a Express Ux) explicitiy in V functions as in (3.22). 
& Using I,,, of (%.22), express I({s) as in (3.07). 
2 
sé Chester 1V preseats « netied “which utilises the ewuclucton 
of paragraph (5.1) as ite foundation, Esowing paragraph (5.1) te be 
thus, 4 Hetaenatical device is used te solve for I{f). This sntiod 
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functions, as ix tse meted of Chxapter Il1, mut may be axpresved 
in (x*). This is « very important step, becsuse many E(x) abich 
attusily de satisfy (4.22) eay mot be easily expressed explicitiy in 
¥ functions. 46 cbstacie stili te be cverm@ne in the use of tiis 
eetiod iz that it is not possible «t the preset tive to recogni ze 
a B(x) ehich does not setiefy (2,22), meaning that it ie net set 
wp by « clrewlerly syeeetric eperture distrituticon. The meted of 
Chapter IV fellovsa: 

he mapyene the arbitrary E(x) se s function of x. 

b. Bultiply B(x) so expreseed by o "Sy and integrate 
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as 4 it is believed that any distant field gattors which is 


syemetricai about tae extended reflector exile may be aecumed te 
Satisfy (3.22); thet is, it may be easumed tant this petturn 
Pesulted from « Cireulerly syasetric aperture distribution, If 
thie is true, tie sethod of Chester I¥ aay be apvlied to more 


gsiersl E(2) as proposed in geragrseph (4.18). 
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vector intensity of electric field 
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observation 


expression of E(x', ¥", 2") in sphericsl coordi tates 
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slectric field vector distrivution in distent apate, 


E(x) = £(8,@) 
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time factor 
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directrix, time and range factor of E(x) 
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Tipe) electric field vector distritmtion over circularly 
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| Appendix VI 


° 
Addexcum 
VL ‘While preparing a tel’ on the mibject of this peper for 


presentation at the Navel Rescorch Leboratery, the suthor was led te 
some vory interesting developments. These develoomente are considered 
to be of suce ieporience that tiey are here apsenced to tids eesusy. 

fee first is a cciacnaua ef the results cf the proposed amelyti cel 
netiods with actual sezseured date. The eecond is tue outline of 2 

new setuod of digtsunt field radiation potters analysis which places 

the wetueds of sclution previcusly presented in tais paper on sound 
practice! footing. Curves and tables lllusirating teis spyerdix appesr 
hereis instead ef im Appendix V so tiey may be eveileble for ready 
reference, 

VI.2 Unclassified experimentel dut: was cbte:ned frou the Applied 
Physics Loborstory for the express purpose of checing the correspetdence 
of the theoretical setieds vith practical results. Thie sxserimentel 
date ig presented in sormslized form in Garves (48) and (4b) ond in. 
Table (5). It was first necessary to express the ectual measured 
distant field pattern (Gurve 4a) analytically. nce tiie wee done, it 
wee desired thet both proposed szetiods be applied. The resultant 
excrsesions for spertwre illumination compared te the ectusl mengured 
iiluminetion wuld then graphically evaluate tic worth of tae propo Bed 
thecry. 

VI.S "The method of Chepter III use tested first, by visuel inspec 
tion, it sus deterwined tust V¥o(x) “nd Vy of x) could renecnably well 
tetisfy the reyeiresents of expression, Thic rather coauel deni siok 
wuld certainly be improved if one vere willing to tolerate the me thes 


«ti¢el complications ef sore terms, Check solats at x20 amd xs & 
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were used to solve for the eveffictests of V(x) oud ¥, p(x). ‘The 


following sieulfeneous equations were solved: 
AVo(x) + BY, Ax) = E(x); x= 9,5 


Values of 4 - 1.58, B = 4&5 were obtelned, This expression was then 
tabulated (Isble 54) end plotted (Gurve 4a). @hile oct em exset repre. 
sentation of 2), itis believed thet the esserntizi cherecter of Kx) 
ie portreyed sell excugh for dexcustration purposes, ‘he setuod cf 


Guepter III indiceies on aperture illusinetion of 
W(s)= 2 [i.o6(2 - s*) + s.5(1 - a)’ |. 
Sa*~ 


this aperture illuainetion is tabuletd? in (Teble 5B) ond plotted o& 
(Curve 4b), The correspondence of theory end proctice is cleerly 
indicated. Tuis eomperison is eousiderut very good, imamuch se the 
theory does fot texe into account such tuinge 2a feed shedor ond porer 
Lost in radisticn, The sethesetical connection betwoun E(x) «8 
expressed in V¥ fusctions anc the aperture iliuminetion of tunis method 
is comps otely rigid. The only natieseticn] spproximstion in thie extire 
metaod ig tien the expression of E(x). CGertelnly, ti« engineer faced 
with tue problem of designing an sperture liluminetion te produce « 
gives bess would do sell tw cir:t exazine such theory. 

Vi.4 to test tie gethod of Cumpter IV in ae simple a feshicn «6 


possible, an exponentiel asproximation of Hx) was used, 
aa 

K(x) ~ e % 

This function is ele tabulated in (Table 5A) and plotted om Curve 4). 

Tie wrresposdence is not ac good as in tae first case, but Lt wos el ao 


desireable to observe tae eficcts of zpproxization, The axponential «se 
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UiTH shel YTical. seTsope 


(4) Distant PieldePettern (Gurve 4 a) 


1.06 
0.95 
0,82 
0. G4 
0.45 
0. 26 
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Keasured He+ {i(2) for 


Power E(x)~1.08¥, - 5. 5¥,, 
Li. stri bation 


# peasured Dete is for parabolic reflector of 36 inch radius, 


ee Power distribution for the £ plane as sensured sppesrs cx 
Carve 4b, 
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expanded te sllew expresvien as a function of (x’): 


2 
-*% 25 4 
Ex) ~ en Ss pl ae SS Be eee = 


20 (20)? 24 
ix 
THe expacsion was then oultiplled by e ‘ Gx aid integrated over the 


ligite of 0 t% ©o by tke use of formuls (4.8). 
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To secure « first aporoximetion for dewonstration surmornes, equetione 


(4 86) were set up vith k = O and 1. 


k wm Os bets (n-t)\(n- 2) lz) = Oi, 
Li ge a ar = 43 F 
kool: RPE Made ty (n-4)\Qn- 2) (DCA 
10 Pe (n+1)! 
These @,ustions cen be solved for B; obtaining m= 4, T= s.63, L= — 


Thus tie aperture iliusination indicated is 


2) = 8 (1 - 2°)” 


e. 


This apertere iliumination, tabulated in (Table 25) and gletted on 
(Curve 4b), also shows excellent conforaity with the experimental 
reguits, The ucture of the ap) roximstion musi be toted, however, If 
the taird ters of tue expotential exparslon is mwuacidered, on *n* of € 
| is ret sufficient. In contrast to tie use of the first sethod, tm 
Spprosigations enter into the final ealcuiation., The expression of 
E(x) ac am exponential is en suproximation and the Use oO Cw» Limited 


Bumver of temas, in tails case only one, ie sig «6 apprexiaction, 


‘85 


jain stiae (88 OCT G parrrevenmen™ +o) aohtiatestene gout noumee ¢ 
of Bea, we ou ox-s1e8 se 


Lae + dex wis ade ja 20 bowlion od ano, naoszese 
S MY thy #2 being shat AoddaatawsLt erwine oad 


by =} a= i 
a OS ea 


ha Hiwte ie ba» tas odie’) at besa Saad qhooatuus is oat g si i | 
Istagdhiane 97 ad be yv tanctinw tao. tgene eros co ly fae owen) + 

" 2 ee Pa oi ghatoa ou foun solaaiapanscs se ‘20 etudau oat. a 
ry 7? Sia ue, bowie ak aobivnaiges Se Liuelsoiyer’ oud to mead balay ait 


of 


ont Dedsine deat ald tie anus wut of thivsiace at cea dette 1a ak 
te sosiantipe wer tothe Lim tao te an ota wetas rol saticnaye 4 
beat fetta “Ye saad wid blew joltaaheorg.s ae as “osssonngpe rat as ah. 


stabi onions ae mts wb emo Ya0 aque anes ak wes to evaonh 


>, Be we 
vyed og ; : ; wee 


VIL6 The sageriel of paragraph (Vi. 4) demoustretad the oeculisr 
Rature of the metiod of Chapter iv, and it wore Uae ever conviness 
tae autecr tist tice aiid dovice*® of Cha:ter IVie part of 
tratefom relationship. iA possible relaticnasip of tuis aatere ie 

; a in paragraph (4.6). Early in tae course of the wrk on 
this exsny, tae aethed of Chapter III ecs determined; ond it was 
resliced ta:t « compl<te mlution of tas redi ntion preobiem wae at tend, 
Bil thet resalned te be d-ne was to express an arbitrary curve oo a summa 
tion of VY functions. &£ heat wetiod, similiar t the Four! «emBessel 
ah, Wes Wi sueli ged, put & great desi of rceswares fsiled t disclose 
eves the powscibllity of suck expression, It is now clear tint such 
@ hope 828 si: abeurdity. Since tse V functions decay so repidly 
wits ingrecsing values of K até co phade varlaetions eould exist 
beesuse of the required syseetry xbout x=0, it is logicel to 
believe that only even fusctions of « gemerai seeinheg igture could 
goustbiy be expressed. And it ic Séw known tiet such functions 

Gen be expressed as «1 simwation of V functions te a6 high « degree 
of sccuracy as is desired, The fact tint na completely arbitrary 
function camuot be eo expressed,in no wey detracts fron the useful. 
ness of the method, for functions espresutng redi ation patterns 

are mot completely arbitrary. They wiil be of the type wilch tie 
4petnod cat sendle, Let us then msie this statement. Any rediation 
patveut Cah be expresgned a8 » senile of ¥ functions, sui honce 
any radiation protlem esx be completely solved, The degree of 
eccuracy will depetid om the number of terns ome ts silling t 
‘ewansider. The sutcor vulleves at infinite oumber of terms would 


it ell cesses give complete newracy. 
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Vi.é The staterents wade in the preceding gor-cgraph may sound 
a bit cetentatious, However, their gubutantintion is contained in 


tue body of tse encay. sny possible epurture disirisution Le express 


| ible as « function of (1 - 27), OGG shy such Tunction resulte ine | 


distant field potters expressible es a summation of ¥ functions, The 


reverse Gust Se true by reciprocity. 


Vi.7 ‘Let us consider firet tas ex,ponentiel surwe cf peregraph 


(VE.4). «To & first approxization, s was found te be 4 The aethed 


Of Cuapter iil cheerly iudicetes tals vale, belowgs te ¥i(>). Then 
to a first approxigation, tee fumetion .* gust be capable of 
expression by ¥, (3) alone, The taltileted eesarison cf these teo 
functions appears im Table 6B and tacir plota on Curve OB, The two 
functions ere definitely similar to tae order whi ce sizes be expected 
for « first esproxiastion. an n of € seoxs exuctly errect Lf only 
the first teo terme of tie exponential expeusicn ars congidered. The 
third tera, Kovever, cleerly demonstrotes tie navd for sdditicnel ¥ 


functions in tue expression. The ratio of the third term & the second 


‘tem in tee exponential expansion is 0.4, ville tie aetaod of Cums ter T¥ 


indic:tes a ratio of 0.25 for the single velue of n=4 If these two 
conditions were to be satisfied, tiet is k=%,1,2 in equetion (4,36), 
teo values of n would be obiel ned from the mivtion of the these 
Sisulteneous equations aint the expenetti«, curve should be sore 
Gieosaly approximated. This ic « difficult but peseible sroesdura, 


Trial aii error by wmvaring the ration of terme of the binceigh 


2 pt 
expsnelon of (1 ~ 7) * aed combinetions of these ratios to the 


Gesired Fetio iz tae expansion of tae given function ney be sizpler 
Wish tue solution of the sinultunsous equations of {4,36}. sctucily, 


towever, the same thing ie being done iz both cases, ss expletoed in 
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peregreph (4.11). The firet order of eyproxiwcticn stowld zlweys 


gaffice for an Wedicstion ef sehtios, 


Vid sgotser example considered was tae eaponenti ei 
az 
-~X 
a 4 
= 0 = = S - =. 


44° Gaya” 
It «na decided tact only one ters wuld be erusidered in the ¥ 
expression since only « firat approxzisation of the venen’ wae desi ted, 
eving @ade this decision the simultensous ecuctionse (4.3%) were 3t 
up eitc k= 0,1. Solving these saustions, & sag determined sa 14, 
Téis Geunt tact tos single V function soet like tue exponential 
ubéer gusetion wes ¥,, (x). fhe tw tunctlione ere plotted on 
(Gurve Sc) end tebulated in (Tebie 6c). As com be ecen, ths 
@rrespencesce betwee tise tec le egeit smering.. 
¥i.3 fae ouiy functicng welch eve been eoisidereé thus Lar 
Baeve Geet exponentials, but tiv soteed is by no mecha restricted 
te suecn functions, To desonstrate the voreatility of the netiod, 
& pareboia wad selected ce tie pattern curve. ‘ 

Ex) = 1-~ x 
Tae sese method as used previously ves used im tuls case, However, 
since 5 sizgle B mould satisfy equeticne (4.36) with k=0 end 1, 
e copbl&retion wae sought wii ci would extisly the relationship, The 
tw valuev of mn which in equal part did satiefy (4.36) were 1 sud &, 


Tals meant thet 
a” 
Riz)= 1. m + VG) - V(x). 


The pattern function end ite V function approximation, shick «gcin La 


a firet eporoxivation, are tebuleted is (Table 64) and plotted on 


Weed a2 berab teaee ed bivew: ait eb reib Vals babii oo J 
|  ottaas aioe 2 Lames bs te dotzaabsiongy’ dust’ Sebo woah | 
t 748 GI8e ees) eeoltenye sucoaad Late ‘ea abit toed @ sad ebaa’ ¥i : 
| ‘01 te hea Laaetob antec pasieaics out ttle oft se a Sn * " 
 Witadaeitie’ duh) eng tle solsaowt q cry edt Said? Jason eile " 
ie WO bodtolg ots cAddawE ond ost A) ger adltsenp bas 4 
gag! caoe od Aid ah -(o8 oideP) at Sade llated bad (ee iy 
Ay ata santhis ahage et wha ih eet a avaaibea ott | 
‘y tel ‘ous OMe atid ered co bie aaelibaet qiso ed? at a 
" pel tisdes Dahem Od ih et Reon ad ki nsege dood pe 
| Pedtes ous te Wi Lithearev odd ob mated & “saa atdouiit cael 

ae sory cael oud nl satan oeF vibdivans a ‘a 
i es . + i a ak “i 
‘shore ome 6 Lt att es ad cou lain sawn bone ‘Ba re sone cae « a 
i aan Ofa wtiy (apa) ‘plicadalie th ite idle oo kgade’ ca aie 
oat aiadaintss Lard one ea Un daguce deste cca 4 
& ban £ eno (oe) ie tee, bil Tey Laie ih st a 20 dealtes on 


se, os en, sar nn me A 
a2 alvys tila abBtuadoorcay doltoadl V odt Bim aolhomst drettag oat | 
; do Hoes 6l4 ban (49 widst’) at bedelidas axe gaeltowixencgs dork 6 


tie 
TAELE 6 


SPPRORI MATION OF FUNCTIONS 
BY V FUNCTIONS (Curve 5) 


(4) Bx)=1-F y Wx)= v(x) + ¥,(x) 
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(Curve 54). ‘he correspondence again le goud. aud Lt is importcnt 

to note fros tile exemple tint tie eethod has treated the survbela as 
if it cuverged to 0 «cs x incressed. ‘It is thus beliewed that auy 
curve capable of exprescion ce « function of (z”) can se soproxinated 
by thie wetacd as lomg ag it ic » deereesing function end its value 
Yessins grester than or equal to vero. 

¥Z,10 The practical solution cf tae criginel protien ia now cosplete, 
Tae setied of Chapter IV tells etlch V functions expres: the distcnt 
field pattern and the method of Caapter LIT uses tiese selected V 
functions te determine the aperture illusinaticn required for that 
een distant field pattern, fpproximate results sre easily obtala. 
able ib eli cused, and these ayproximaticns are cepatle of refinement 
to perfection if tae pattern curve is of coutinuous nature aud if te 
Betnesatl co. eouplexity can be tolersted. In addition, the rresgpond- 
ence oi tie theoretical resulia snd experimentel date bus been sho um 
Sk ail It is telieved that the waoiormity of rescits te physical 
actuclity ond the ease of application sill eaeze the wethod here 


presented valuable siehever problems of tuin seture are considered. 
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